The actin cortex is a thin layer of actin filaments and myosin motors beneath the outer membrane of animal cells. It determines the cells' mechanical properties and forms important morphological structures. Physical descriptions of the cortex as a contractile active gel suggest that these structures can result from dynamic instabilities. However, in these analyses the cortex is described as a twodimensional layer. Here, we show that the dynamics of the cortex is qualitatively different when gel fluxes in the direction perpendicular to the membrane are taken into account. In particular, an isotropic cortex is then stable for arbitrarily large active stresses. If lateral contractility exceeds vertical contractility, the system can either from protrusions with an apparently chaotic dynamics or a periodic static pattern of protrusions.
The actin cortex is a thin layer of actin filaments and myosin motors beneath the outer membrane of animal cells. It determines the cells' mechanical properties and forms important morphological structures. Physical descriptions of the cortex as a contractile active gel suggest that these structures can result from dynamic instabilities. However, in these analyses the cortex is described as a twodimensional layer. Here, we show that the dynamics of the cortex is qualitatively different when gel fluxes in the direction perpendicular to the membrane are taken into account. In particular, an isotropic cortex is then stable for arbitrarily large active stresses. If lateral contractility exceeds vertical contractility, the system can either from protrusions with an apparently chaotic dynamics or a periodic static pattern of protrusions.
The cytoskeleton is a dynamic meshwork of filamentous protein assemblies that is of crucial importance for living cells [1] [2] [3] . The filaments, formed by the proteins actin or tubulin, interact with molecular motors like myosins or kinesins. By using a chemical fuel, these are able to generate mechanical stresses in the filament network turning the network into an active gel [4] . Physical studies of active matter often use a hydrodynamic approach [5] . For the cytoskeleton, this approach has been used to study structures and dynamics that are either alien to conventional matter or behave differently from their passive counterparts. Examples include topological point defects [4, [6] [7] [8] [9] [10] [11] , spontaneous flow transitions [12] [13] [14] , or buckling instabilities of contracting gels [15, 16] .
Physical tools and concepts have also been used to study structures formed by the cytoskeleton in living cells. In this context, the actin cortex -a thin actomyosin layer beneath the plasma membrane of animal cells -is of particular interest. It determines the mechanical properties of animal cells [17, 18] and plays an important role in cellular morphogenesis [19] . In addition, the cortex hosts a number of important cytoskeletal structures [20] . A particularly important example is the contractile actomyosin ring that cleaves animal cells into two daughter cells during late stages of division. The ring might be generated by a dynamic instability of the cortex [21, 22] and its dynamics when connected to a membrane have been studied [23, 24] .
The cortex is formed by actin filaments that polymerize directly at the cell membrane [3] . It's thickness, which has been reported to be of a few hundred nanometers [25, 26] , is determined by the actin polymerization velocity and its disassembly rate [27] . Due to the large aspect ratio, in theoretical analysis, the cortex is typically considered as a two-dimensional surface [28] [29] [30] [31] . However, a formal reduction of the dynamics to the two lateral dimensions as in a thin-film approximation is not always possible.
In this work, we explore the dynamics of a thin layer of a contractile active gel on a rigid substrate with a con-x z FIG. 1. Illustration of an anisotropic active gel polymerizing on a surface. Assembly of the filaments (yellow) at z = 0 is mediated by nucleators (blue) of density ρ0. This leads to a flux of gel kpδρ0 perpendicular to the surface, where kp is the polymerization rate and δ the length added to a filament upon addition of a subunit. The gel disassembles in the bulk at a constant rate k d . Active stress is generated by motor proteins (green). stant influx of material at the boundary. Contrary to previous work, we also account for gel flows in the dimension perpendicular to the substrate. We find that an isotropic layer is always stable against perturbations. In case, active contractile stresses are stronger in the lateral direction than perpendicular to the substrate, we observe an instability leading to a local increase in gel density similar to the dynamics within the thin-layer approximation [30] [31] [32] . However, the states emerging in our system differ fundamentally from those reported previously: we find periodic stationary states and states that are apparently chaotic. In both cases, they exhibit a characteristic length scale, which is not the case when treating the system in two dimensions.
We consider a three-dimensional viscous active gel, growing into the half space z ≥ 0 at the surface (x, y, z = 0). For the sake of simplicity, we assume invariance along the direction y, see Fig. 1 . The state of the gel is determined by the its density ρ and its velocity v = (v x , v z ).
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Mass conservation and force balance yield:
In these equations, k d is the gel's disassembly rate, η denotes the viscosity and Π x,z are the components of the non-viscous contributions to the total stress, which we assume to have only diagonal components. The nonviscous stress has two contributions: an effective hydrostatic pressure and the stress generated by active processes in the gel. In an acto-myosin gel, the latter result from the action of molecular motors and from actinfilament assembly. In general, both contributions could be anisotropic due to local filament alignment. For simplicity, we consider an isotropic hydrostatic pressure and an active stress with fixed anisotropy. Accordingly, we do not consider orientational order of the filaments to be a dynamic field. We discuss the limitations of this assumption at the end of our manuscript. Similar to Ref. [27] , we choose
with b > 0. We take a x,z < 0 reflecting the contractile nature of the active stress. Consequently, Π x and Π z decrease with ρ for low enough densities and increase with ρ as ρ → ∞. We checked that our results do not depend on the specific form chosen for Π x,z . It suffices that the dependence of Π x,z on ρ is non-monotonous. The dynamic equations are completed with the boundary condition ρ(z = 0) = ρ 0 and v z (z = 0) = v p , where ρ 0 is the density of nucleators at the boundary and v p the polymerization speed. In addition, the tangential stress at the surface is balanced by friction of the gel along the membrane:
where ξ is the friction constant. Furthermore, we impose periodic boundary conditions in the x-direction with period L. In the z-direction, the system extends to infinity and ρ → 0 for z → ∞.
If we ignore the z-direction in Eqs. (1)- (3), we arrive at a dynamic system similar to others that have been used before in the analysis of the actin cortex or other thin active gel layers [30] [31] [32] . For high enough activity, these systems typically generate contracted stationary states with a single region of high gel density.
In the following we will use a dimensionless form of the dynamic equations (1)-(4) and scale time by k −1 d , length by = v p k −1 d , concentration by ρ 0 , and stress by ηk d . Hence, the relevant parameters are a x,z k −1
We will use the same notation for the original and the rescaled parameters.
For future use, we introduce the anisotropy parameter = a x /a z . In case the gel is invariant with respect to lateral translations, two qualitatively different stationary states exist: either the density decays exponentially or it jumps from a finite value ρ e to zero at z = h ∼ [27] . For the "exponential profile", the velocity v z converges to a finite value for z → ∞. In contrast, v z = 0 for z > h for the "step profile". The latter is only possible for large enough contractility, that is, for values of a z below a critical value a c ≤ 0. In this case, also the density of nucleators ρ 0 needs to exceed a critical value ρ c . Otherwise, the profile decays exponentially.
We start our analysis of the general case by numerically solving the dynamic equations (1)-(4). In each time step, we first determine the velocity field through the force balance equations (2) and (3), where we use Fourier decomposition along x and finite-differences along z. We then update the density, where the derivatives in xdirection are first evaluated in Fourier space. The contribution of ∂ z (ρv z ) is obtained by an up-wind finitedifferences scheme in real space. To improve the stability of the scheme, we have added a diffusion term with diffusion constant D = 10 −3 to the mass conservation equation (1) . In all simulations, we use ∆x = 0.004, ∆z = 0.007, and ∆t = 0.0005. We checked that our results do not change for smaller values. As initial condition, we take ρ(x i , z j ) = ρ 0 (z j )(1 +η(x i , z j )), wherẽ η(x i , z j ) are independent and uniformly distributed random numbers between −0.05 and 0.05.
We first consider the limit of zero friction, i.e., ∂ z v x (z = 0) = 0. If a z < a c , then there is a critical anisotropy c , such that the step profile is unstable for > c . In Figure 2 and Movie 1 [33], we present the solution for a z = −7 < a c and = 1.18 > c . Locally, the gel contracts laterally, which leads to the formation of fingerlike protrusions growing into the direction of increasing z. Strikingly, the protrusions stay dynamic: neighboring protrusions merge and new ones appear continuously, such that the system never reaches a steady state. As can be seen in the kymograph, Fig. 2 , the system does not settle in a periodic state either. Instead the dynamics appears to be chaotic. Our numerical results indicate that the chaotic state presented in Fig. 2 emerges directly at the critical anisotropy c . Such a direct transition to chaotic dynamics, which is impossible for systems with a finite number of degrees of freedom, is known to exist for other spatially extended dynamic systems [34, 35] .
Note that for ξ = 0, is the only length scale present in our system, such that it also fixes the order of the density of protrusions in addition to the thickness of the step profile. When reducing the lateral extension L sufficiently, the system forms a single protrusion for > c , which is now stationary. In that case, new material that is introduced into the system at z = 0 is drawn into the protrusion by the contractile lateral activity and cannot form a new protrusion. In the case of large enough friction ξ, a stationary state emerges at the instability. It consists of a periodic arrangement of protrusions, Fig. 3 and Movie 2 [33] . Increasing the activity further, this state loses stability in favor of the chaotic dynamics described above.
To better understand the mechanism underlying the instability of the states homogenous in x, we first perform a linear stability analysis of the step profile with ρ 0 = ρ e . Then ρ(x, z) = ρ 0 for 0 ≤ z ≤ h and zero otherwise. Note that this state only exists if a z ≤ a c . Let α = dΠx dρ | ρe and β = dΠz dρ | ρe . Then, the growth rate s of a perturbatioñ ρ exp(iq x x + iq z z) for 0 ≤ z ≤ h is given by
with real wave numbers q x and q z . Hence, the step profile is unstable if α is negative. In this case, a local increase of the gel density leads to a local increase of the contractility in x-direction. In turn, this generates flows toward the region of increased density, leading to a further increase. The most unstable modes q = (q x , q z ) are (q x , 0) for any q x and (∞, q z ) for any finite q z . Consequently, the linear stability analysis does not suggest an intrin- For 0 > az > ac with ac denoting the critical activity for the transition from an exponential decaying density to one jumping to zero at z = h [27] , the steady state is linearly stable. For az < ac < 0 the steady state is linearly stable as long as the anisotropy is below a critical value. Parameters are b = 4.9 and ρ0 = ρe for az < ac. For az > ac, the system evolves into an exponential profile independently of the value of ρ0. The value of the friction ξk d /(vpη) is irrelevant for the stability. sic characteristic wave length of the pattern beyond the instability. Since an infinite number of modes becomes simultaneously unstable, the steady state can lose stability directly in favor of a chaotic state as our numeric solution suggests for the parameter values corresponding to Fig. 2 . We emphasize that for the step profile, we necessarily have β > 0 [27] . The instability reported above requires α < 0 and thus a x < a z , i.e., an anisotropic active stress that is more contractile in the x-direction.
In Figure 4 , we present the stability diagram in the plane of the activity parameter a z and the anisotropy . Even though the precise form of the stability boundary c (a z ) depends on the detailed expression of the functions Π x,z , we always have c − 1 ∝ √ a z − a c for a z a c . Indeed, dΠz dρ | ρ c e = 0, where ρ c e ≡ ρ e for a z = a c , so that for a z = a c + δa we get ρ e − ρ c e ∝ √ δa. Furthermore, c saturates for a x → ∞ independently of the precise from of Π x,z . In the case the expressions for Π x,z are given by Eq. (4), we find = −4bρ e /a z = O(1) for a x → ∞.
The exponential profiles are unconditionally stable. The crucial difference compared to the step profiles is that, here, the steady-state velocity v z (z) reaches a nonzero velocity v ∞ when z → ∞. Hence, any perturbation δρ will be transported at a finite velocity away from the substrate at z = 0. As the gel degrades with time at rate k d , the perturbation will reach a region where the density ρ is exponentially small in finite time. The perturbation then satisfies the advection-degradation equation ∂ t δρ + v ∞ ∂ z δρ = −k d δρ, which implies that it eventually disappears.
The linear stability analysis does not yield informa-tion about whether the emergent state is stationary or not. The stability of the periodic stationary pattern versus the chaotic state is determined by the competition of two transport processes close to the surface. One results from the polymerization of new material at the surface, which occurs at velocity v p , whereas the other results from the attraction of neighboring protrusions, which approach each other at a typical velocity v approach ≡ v p η(ξ ) −1 . Consider a nascent protrusion at z ∼ . For v p v approach , it will be sucked up by an existing neighboring protrusion before it can mature and reach a length similar to . In the opposite case, it is advected away from the substrate at z = 0 before it fuses with a neighboring protrusion. In the first case, the stationary period pattern is stable, in the second the apparently chaotic state emerges. The transition between the chaotic and the periodic pattern occurs when both velocities are of the same order, that is, for η/ξ ∼ . Indeed, 0 = v approach < v p in Fig. 2 , whereas 5 = v aproach > v p in Fig. 3 .
In this letter, we have shown that the dynamics of an active gel polymerizing at a surface is fundamentally different from the dynamics of this system, when fluxes perpendicular to the surface are neglected. In fact, there is no way to integrate the dynamic equations (1)-(3) over z to get a closed system for the averaged fieldsρ(x) and v(x) in one dimension. Hence, results obtained within the thin-layer approximation have to be taken with caution.
Let us comment on our assumption of fixed anisotropy of the active gel. In the cytoskeleton, the differences in the active stress in the direction lateral and perpendicular to the surface result from the alignment of the filaments along the membrane. In a full description of the cytoskeleton, the filament alignment is a dynamic field and the anisotropy should emerge spontaneously. Filament alignment in the direction perpendicular to the direction of contraction is a natural feature of the dynamics of active polar or nematic gels [22] . In addition, the presence of a surface should also lead to a preferential alignment of the filaments along the boundary. We do thus not expect the dynamics to change qualitatively in presence of a dynamic orientational order field and postpone its analysis to future work.
Compared to previous analyses of thin layers of active gels, we found the existence of a characteristic length scale, a direct transition to a chaotic state, and a transition controlled by friction. Periodic patterns also emerge in multi-component active systems [32, [36] [37] [38] [39] ]. In our system, a single component suffices, because contractility in combination with filament turnover can spontaneously generate a defined gel thickness, which then can lead to a periodic pattern in the x-direction. Spatiotemporal chaos in absence of inertial effects has been reported in active systems [6, [40] [41] [42] [43] . However, these system were incompressible, did not exhibit turnover, and displayed dynamic nematic or polar order. In the two-component system studied in Ref. [43] , a transition between a static periodic and a chaotic state was obtained by changing the friction of the gel with a substrate. However, in that case the friction permeated the whole system, whereas in our case, it is restricted to a boundary. Together, these features show that adding a dimension can have similar effects to the introduction of additional physical properties.
In addition to the activity and the friction, we can also use ρ 0 as a control parameter. In a living cellular, this parameter is set by the density of active actin-filament nucleators. In this way the cell has a readily accessible controller to switch between different morphologies. In upcoming work, we will analyse the dynamics of the actin cortex in case the surface is deformable as is the plasma membrane of an animal cell.
